Tuioﬂa[ notes — 3 wkizkiJJwg @jha?{ -0

Geometric meaning O]C devivative .
o: t [i
Lo : tangort [ine Assume we have 2 points A.B on the jm];l, o)[ {ux)

Y
}‘_ l-l . Secant
f \\- Ag ! line connect A, B we jet a secant lme AR which imPhq
l'X) ! |
" | S s =Y
SRR a dvetin T (fm A ta ),

But the divection we wanted is the one mue alo;\j with the curves, whicl ic the

Jcan?eﬂ{: line Lo, S0 —]f‘rom [ to [0 we }'usvb need 4o let Bt he closer and closer

t A which means " [imit "

So ]Crom a’awe JISCMGSiOn, we Can get our Je{ih':ﬂon o-f derivative -
. ek - fx- foxo)
floxa = ki, Cobpe o Lo = lin K = Jin SO

Remark : For the J"][‘][erehtinbili’tg i K, we must chect the existoe of the
liwit in 1) . And dhe limit contains 2 parts for XN—>%  hewns

X -2 ’X.,+ (X% >%» {Yom ‘rijl\t—hnml eiJe)

X] = 'XU‘ (‘X(<'x,, ,1[70)?1 left"mn(, S"(de)

AP?IIC“{'W\S O'F derivative .

/ . . ol chreasinj
Thm- 1 I{ )1({7”)0 " D({) then {(X) s st‘rtctg { JecYeas‘lhj

lf’(x) <D

ih D@f)_

It can be deduced ](mm defi nitian like:

V % in D)
I X>% = {X)>11%
fro-foo) 7 f oo~y

%) = [im N) etrictly increasin
fe X% XX N xex, D fw<fig g ]

/

This is not & Tij'm'tms i oa]C . Jwt a Si"‘r’€ Q’X[),ﬂ?haﬂm. The {Noof heed use the mean-value thm.



Romark: this 4hn said  {x)>0 = fu) /]
Put the comwerse is ot a[wags true, meons ][(X)/ =5 {i) >

fw We ma? have some Iminis s ot Jiﬁrevenfi“e. The G‘thl;[e as ]fol[.,WS:
3 \

Y=x '](‘(x): { X X0

2% x<0

>, of comrse {ix) T in R Bu foxy is ot differentiohle at x=p

ho2 which implies we dow't Jave fix) >0 in R.

Thm-2 . 1{ {1 shictlg {thcreasing then fm has inverse .

Jecreasinj
An e'xFlaim’cioh [ike -
34}0_—_ we dowt have inverse f-r such fﬁmﬁvn‘
': 1 Because 'Ifwe me a Aoriiont&( “ke we h‘az /mve
! |
0 ‘Xn '!Xx- >‘¥ 2 cYoss rv'uds Wi“\ cuyves , even moye »

which  meaus {tm)r{tm:ga T %
o it contradict from the Je{ini’tioh o]f inverse .

Rewar b : lg%s  similar that the converse is WYﬂhg means :

£ex) has  inverse =5 {m is /! , example like disctete  function.
hY

-
) fo=2 " o) =1 | )
for=1 = | = but {ox) is not </

f)=>3 flo)=3

(323- UCe ‘bhc Je{ini’cion 10 OomPute, -F/lO)

Psiny  A%0
) {m:l) sin=
0 x=0
1ol
fia= lin T oy To0
X9 ¥X-0 o X-0

- ’im "(S'ln",)'( =0
X0

For 1Xsind| < Ix| | So when X0, Hhey X150
whinl force 1Xsint] =0 this is the “andovick "thin



sm— X0
) fw) =

0 %X=0.

_ I fX) (0) _[: i 1
iy ot 8

this  limit doesh’t exist . For if we chmse 2 Jiﬁe'ren{ se?uehce 07[ X like.

xk‘: 2!()\4'1 ’ k=1,2,3--- So {<—9+00 = Xk—->0

= — - IR D § -
gh" oA n=1023 So N+ 79” (1)
2
i %ﬁi"" =@ Sin (2ka42) = | ‘
l ‘ whic h Contradicts ﬁom the “"i‘]“ehess 07[ /’.h,{
Smé = Sncomi-2) = it .
n

5o ][/Lo) doesn't exist, fux) is wt differentiable at x=p.

QL. Assume {w) exists , try B prove that -

{mH\) jmrh) Py ()
k—“w

P‘F: P~ec‘mH ‘“\,é Je{inition O-]C ‘f’('K) d

3 X) — 1(%o)
{6y = lim fu -

l]f we use the Sul,ctifuﬁon X= Xo‘l'l'\ ) 50 X% )usf hlem'lSA-—?o
X Yo X"Xo

bhon we 34{ the a7a‘wlamce, Jw{iniﬁon -lfor ,f’m() ,.

flxg= lim foxath- {0 °”",: %)

(3) conyse L Can !)e ositive or he Aﬂ'vc .
h~o O‘F F j

5 (2) we have 0 prove i the ?MMé’fﬁf ]va of dfference .

i, fosth) ~ foxch) [, foeth- {ix) + )~ foeh)
k-—?o 2"1 ho 211-

i f(x&h)-ftx.,) & {o-h) - fix) )

—_—

= 8 2 n my k)

hoth parts have the <ame {o‘m\ with @) . so {rom the assumrﬁon that ﬁx‘.) exists. We have :

@) = -;2L_ C ‘F,[Xo) T '(:((7(0)) = ‘F(Xo) J,{mg .



' l?( h - 0~
Remark - This [ﬂol)’@m tells . —F’lxv) exists =2 h"-:: jd#ﬂx—h) exists antl €7MG/S-6O -ﬁ?ﬂy

But the conwerse 1S not true - M€ons:

lim M—M exists ‘7—4-7 $iox) exists.

h~o Zl‘
The couutev—emmrle lihe :
/r’{d é:['x‘ )ust g:l’xl it X=o- ”‘I
1l
\ li footh)-foerh) ot = fEk) Tk = 1
0 >X hg‘;\ 2h - Ll-?h: 2, _;{‘_,v: ’__2—;\—' =0 exists.

P)u{ We llhow {!X):IX' 5 hot Jiﬁemnﬁa“e at x=9.

A more advanced example is the Dirichlet -FMM’C""" which is J"'{"“QJ life:

—(['X) _ ) | whew X i¢ irvationa| number

l 0 when X 5 a m%iw\al Numbey

{OY 9,3!7([ ) We )ust have the DDhJ('VnJiC‘tﬂg ih X=0. but Afor Divichlee -fuhc{ion

 foeth)~ foth
we have l{-l-vm ﬂ-—);?— ):: 0 In everj Fv'ln{ in Tea| [ie f

Puk »f(x) ic  dis-continugus in RS0 it’s hot oliﬁ[erenﬁaue.

H: 301,{ ove interesting n it 9014 can gwj[c ﬁr "Di'vicHe{ {thﬁon" o mire.



Some notes obout +the ih}'ec’ci\/e and sur}ectivej

e

D Function fo). A = B. (Ak are the subsets Of R)
A: domain of the fuy , potice may not the maxima| dowain of fix), mwnS:M
Ex. fo)= (x-21 43, macdomainef) = R (whole teal line)
Put we con define fo) just in t/%;% ( positive 1ea| number)
then A G max-domain (f) .
B: what is called co-domain. can be larje’r than the f4) (fange of f(x)l on set A)

ac{uaug 'b’le SUT)-eCﬁVQ Is just 1o clleck wAetlley {B:%(A) or hot.

@, Injective.
First fecoll the definition: lnjective means "one—to-one ", that given ang tuwo pints x,, % ¢ A

Nk %, then fox)¥ for) | SEMPI@I? sazs, @& Ji{{e{eﬂt points  hove J77[fe1eht values.
Y so it% Veyg easy to cheek {tx) is hot ih}ecﬁw_ if We can ][inJ two Jiﬁem.t /;o}htg
X% %, sotisfied foq)= fon) st like the emm/,/b aibate.

{(” = 1’~2I+3 = 4 =/3-2 |[+3 = -f(a) , S0 —][lX) ’S not i“}eétiVe,
i) then how o show -ftX) Is ih}'eot'we? For the M {“"Cﬁ"" , we have an usefu{ conclusion.

Thm. 1][ ‘fm 15 M in [a:b] | then {(x) 3 lin!ectivel in [0, h] <> ]L',x) is I@ i [a
or
whic h jou

would learn |ater, so jM’c leave it as a simlyle exercise later. Here we}'usé jive Some

The p’foof O]C thic thm need use the lihfe?hﬂedia‘fe value theotem

e'x[zlair\atlons )

If {0 is wer neither Incteasing nov decmasirg in [0b] , then it must acts Jihe :
j/\

Jo 7 Xs
iI !
fj,x\ or
’ 1
(

So fox) i not in}etth/e.



Notice that the LCQMMM] 1s "eC@SS‘Vzo lf ‘,IC 1S hot COntihuOus,tAen the

‘H\M ho {0 hge,r AaUs.
—fu): | /
Ex. 2”\ . {(1):2 @ f >
. -f(%) :.2l ,

fis a discrete {(mcflon, c{eo\rlg fx) neithey ihofeas'lhj not Jecfeas'lhj_ hut fao is  injective i deed.

So accorthj t0 the abwve thm , when we meet continuous functions fixy in LA/ B] (it includes most cases)

. incfeasin
we just have o check whether »fht) is "¢ \j or hot .
Jem’aasma

®. Suf)' ective .

De{: Given ang Zq, e B. if we con a/wajs {th at least one % €4 ot fox) = (z,o

then -fnc) is surjective.

So from the definition we con see the process o show Surjective  acts like "Solvihj equation "

But now the W, becomes known, % is Unknows | we {;r; 1 slve a % in the form of 1

Ex. {fo=o-1. A=max-domiin(1=R , B 4o be decided later.

in order to check the sw)‘wtiw,, take onl U € B, Solve )(m)= b, just:
Yarl=Y, = %=F+l. ()
so in order to moke sufe CU) has  solutions %ER. we must have b4l 30 4o

then we have JiHeYen{ case §.

i). B=Lllio) , any §.eB satisfled §,2-|, then 1) ﬂlwﬂjs has solution .
so fory is Surjective.
) p=l-24x) heB implies b may lies in [-2,-1) means A< Y <,

in stch case Yot1 <0, Hen 1) doesnt have solution that’ meavs for 25,

fird wy wEAR Lt fur)=y,

<-|, we can't

so Alx) is not Sur)ecti\/e.

That's how the Co-domai, Py would Cl‘m\ge the surjective of ftx). so B we heed Py attentioy
to the B.



Math1010 Tutorial 3 (Prepared by Chung Shun Wai)

TOQC cS c\&ﬁkm a{z AR Tucliven  su 'C\mét\“‘bms oo G@\i‘m’c’iws,
QL) By udeg defiabion #  Seridies | Bl Lo Lk decivative
& T Cie. $yy ) Lo any X € Dowmain (£Y
) R SR &Kﬂ:%x-'z
DT RSR 5 o = v
“BS‘Q—%EJ—QLt\zEx#J?
A20 Shekdh the grapn Yo Ly | and by USng e  defaition

ot dedusties , Sind e doe of  Hle grah of eodh weR
) 4 = Joo = (xx\D”




Rec
. &%vﬂ‘l&ﬁh Ug( desvo e ok Q —C\_m&{hh )

¢
o 3\ - S
AW T \\

[Ue
ookt et 4= Ly

g\ﬁ\t& Ga'l(J ?h“:x,.k X = -?'\Q,p)



QL)

Sy = B Sty Ly
o \’\ - kf‘ [—gt\b‘r\.ﬁ—-l}_
N Nﬂn—»l}
N O A .

8:’%“ gkx\ — Jx \
X ) %‘f‘ Q.‘u\\:) ﬁéumhb{\_) — \Q:é-'?

FUx = \Suan gbtk\«\—gm R
= \lw Xt - Sy

ZWo ~
"
X © \ .

= \:*m. kx*\:ck—\B — Q”‘-*‘rk\
) \\

\\—'Bc::
W (y ~ \\
a4 ekl ) o\ -
e { o W (Jman + I
\n:—:-)n — , - \

bt « T RINVINN



)

= ARV.N - \:\m\
We 2 W0 W -
e (%*\"*‘)"‘*\") - (x= %)
o
3 \-\ R—&\.\*J;E_‘,;L “« JK'*:J_
\:““[ W et - ()
W= \,\(J K*\«*m\.. < R_Er) \,\(J}H-\.\*-& Jyal o JK‘*F\(R*J\ﬁ
| Twm l 3 : | ]
v . “+ : 1 -
\Sﬁ(-k-\\'ﬁ- Iy, = m (J“-“‘L"‘t JE. < \K“:ﬂ B(J\é&-’b\ __‘ER)
: -~ ( _ 2IX 4+ \
Q—J‘#—’*\T;:? 4&0 1{“{-\5_}‘{‘ - 4HJ _

4






Q2 Gven A= 'CKY.\ = >

Q\wﬁ ol y = -@‘*Cu‘)
~ Gu Soeny = Loy

\A—-?; 0 \’\
X\ %,
= ;‘m ,__e - e,
Lo \n
> liw €

Woo W AT
- Lo X WM
o S \ 2N TR

D x



N
) Qvewn et % —2&%) = X | |
S (AR) = Siw A cos \
SMQ’Q\) — e 1;[\- . «%T “+
Cos K‘:‘i\ —1 \ 7’;-;. -« __)_(_'i +
g

W0 . \k,:-:l ( Stw () ~ gw>

_ \
o b (SR 000e ) ¢ sl sia(l) - Sineo )

&:h J\:L%‘“bﬂ K@ﬁ(\«j —-\> e Qn&(\L\ Q'w.(\n)}

S ) i€ )
= CoS (W

1

[

N
5N



TWY@“\"K =3 Nl\n,jie

_ Ldﬁ owdl W Limie
die oo

(N Lo ﬁ?m , X <o
J),xM 'E\?ﬂ‘ Jz/.w\&?(—-y\) = |
x>0~ x>0
oo s =

/S
?) J&OQ: i x|, X*o
0 , X=0

N
3

=
1)

L

(3 L
1
X,

'ng\~ ﬂim A = 0
Y-—)o

D0

&;; o= Dom

X0

X7

aﬂoesw § oxis

@Ym\n@)ﬂﬂﬁlﬂ thk,éo[u.%

exisks < L 40 ad Ymfn  exise

X"

anl. an\gcm - «% im Jj\m

x5

S Jpgo o1 (o)
n
' i
J)A‘M %) Jﬂesm exisi
< x>0
Ji | =
N
— 2
= ) olaeen’t exisy.
<D



= D@p“\’“w“gi:l@ n(o;r?mﬁve,
“ A
O=+n) — X
) EM M “Ji —
0 }Qm: v
) - L\M 49(%1/\\-%)&) ) W =
’\%(x = \'\—\o L\ \I\—;‘: »\
= /QA\M ’X—\\r\-)( ) \
e S R
= /Q/\\vv\ \ _ (
woe el {x > Jx
() %m' éin’x
QIM”V 2 2 G Sm O BT
%‘ : Vﬁo N
o Z Cos(’)(+ ) $in Z‘;
- i : :
= u&ﬂ;;\ Los e ﬁﬂ‘WL _ [esX




AW\A‘MHM - /\’\fﬂ\mk S

Cost %\MWM FU“\ , st ‘?m &W om [wo&wefm X
J\M@IM S j{m\: F )
A _ _
W”GL oSt %m S

%ru)&»bwv\ P‘b 1 X W ‘f(X\ =GX)

NTSRRUE X b 0
- s 270 - %o
00()2 HO = o fye
fo-goa © 3 -+ 2= b + 2o
& ar - bx=o
& A=0 ov X= 5

o ' izl

%\x)-
W Norio e vthen x40

A=Y
G\wuba,
Ja e, oAb i called  the wtieh Pt vf&(?&) , %l’h\d/\ weons
% when 6‘0\\:0.

bruak - e Pt 1S M mpkm g WOXY mMiaw »ﬁ— gm

WL (An l)m/( 'tl'laft X (¢ U\/Ttv\m/t Poh—t lrgam IS —gwq_:&(x)



+x* =1L

By (aleudate Lim

P
A= O X SIA

() c()uv?vmh‘vamp\ —Q‘D\):\S/XZJHD_ sy d@i‘ﬁwm.




